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ABSTRACT

Purucker, M.E., 1990. The computation of vector magnetic anomalies: a comparison of techniques and errors. Phys. Earth
Planet. Inter., 62: 231-245.

The greater costs and uncertainties associated with the experimental determination of vector magnetic anomalies have
resulted in the development of techniques by which total field anomaly measurements can be used to calculate vector magnetic
anomalies. Enhanced errors are encountered in all three of the techniques considered when calculating the eastward and
downward vector magnetic anomalies in the vicinity of the geomagnetic equator. Analogous errors have been described from
geomagnetic field models derived solely from total field data. The equivalent source inversion technique, although requiring
the greatest computer resources, exhibits the smallest errors and is the most versatile. Errors can be minimized by: (1) using a
technique such as singular value decomposition to stabilize the equivalent source solution; (2) using both total field anomaly
data and suitably weighted vector anomaly data when available. The space-domain convolution and frequency-domain
transformation techniques require comparable computer resources. More restrictive than the equivalent source technique, they
both assume a constant geomagnetic field direction and total field anomaly data collected over a regular grid at constant
altitude. These techniques are therefore most appropriate for aeromagnetic surveys covering small areas. Within this
framework, the space-domain convolution is superior at most mid to high magnetic inclinations and at the magnetic equator.

However, the frequency-domain transformation is superior at most other low magnetic inclinations.

1. Introduction

Geomagnetic field models derived solely from
scalar data exhibit systematic errors in the com-
puted vector components, particularly in low mag-
netic latitudes (Hurwitz and Knapp, 1974; Lowes,
1975; Stern and Bredekamp, 1975; Stern et al.,
1980; Lowes and Martin, 1987). By analogy with
the main geomagnetic field, we might expect that
crustal field models derived solely from total field
anomaly measurements would exhibit similar er-
rors in the computed vector anomalies. The pur-
pose of this paper is to compare and contrast
techniques used for computing vector magnetic
anomalies and crustal field models with particular
attention given to the errors associated with these
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techniques. These questions are addressed with
computer simulations. The simulations consider
magnetic data acquired at both aircraft and satel-
lite altitude.

Vector magnetic information is particularly im-
portant in low magnetic latitudes because the sig-
natures of the equatorial electrojet and meridional
current (Maeda et al., 1982) can be identified and
distinguished from crustal sources most easily
using vector magnetic information.

2. Theory

While a general vector field requires three or-
thogonal scalars at each point in space for its
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characterization, the crustal and main geomag-
netic fields, in the absence of external currents,
have

v XB=0 (1)

It follows that B can be expressed as the gradi-
ent of a scalar potential A4. Since a scalar potential
is determined by the specification of a scalar at
each point in space, a number of investigators
(Lourenco and Morrison, 1973; Bhattacharyya,
1977; Galliher and Mayhew, 1982; Langel et al.,
1982; Kolesova and Cherkayeva, 1986) have de-
veloped algorithms for computing vector magnetic
anomalies from the total field anomaly. A brief
discussion of these algorithms follows.

Lourenco and Morrison (1973) developed a
frequency-domain method for computing vector
magnetic anomalies from the total field anomaly.
A Cartesian coordinate system is chosen such that
x, y and z = north, east, and down respectively.
Let the direction of the total field anomaly ¢ be
defined to be along the direction of the Earth’s
main geomagnetic field such that
) 8 (] d
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where I/, m, and n are the direction cosines of
the main field. Then the anomaly in the total field
(AT) can be expressed in terms of the magnetic
potential A4 as
a4
¥ T3 (3)
The vector magnetic anomalies H,, H , and H,
can be expressed in analogous form as

AT(x, y, z) = —
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Operating on each side of (3) with first derivatives
yields
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H.H o H, and AT can be expressed in terms of
a finite harmonic series expansion and the result-
ing expansions can be introduced into (5).
Evaluating the derivatives and comparing the
terms on both sides of the equation yields a
frequency-domain relationship between AT and
the vector magnetic anomalies H,, H,, and H,.
These relationships are defined by Lourenco and
Morrison (1973) in their eqns. (14)—(16). A previ-
ously undescribed singularity is present in the
algorithm at the geomagnetic equator where /=1,
m =0, and n = 0. This algorithm assumes that the
direction ¢ is fixed. Kolesova and Cherkayeva
(1986) use an iterative modification of the above
technique for the case where ¢ is variable.

Bhattacharyya (1977) utilizes a space-domain
convolution in order to compute vector magnetic
anomalies from the total field anomaly. He first
writes A and AT in terms of their Fourier trans-
forms ®(u, v) and G(u, v) where u and v are the
angular frequencies along the x and y axes. He
then establishes the following relationship be-
tween ® and G:

®(u, v)=—G(u, v)/[i(lu+ mv) + ns] (6)

where 52 = u? + v2.

Using (6) and the equations establishing the
relationships between A and G and their Fourier
transforms he writes A4 as a convolution integral
A(x, y, h) = —1/47%AT(x, y, 0)*I(x, y, h)

(7

where

I(x, y, h)

A e v

Equatxon (8) can be rewritten as a line integral
which in turn can be evaluated using Cauchy’s
residue theorem. The residues are evaluated sep-
arately for n >0, n=0, and n <0. Equation (7)
can then be differentiated using eqn. (4) to yield a
relationship between AT and H,, H,, and H,.
The vector magnetic anomalies can thus be calcu-
lated by a digital convolution of the total field
anomaly with the operators defined by Bhat-
tacharyya (1977) in his eqns. (23)—(30). Unlike the
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frequency-domain method, this technique has no
known singularities.
Galliher and Mayhew (1982) and Langel et al.
(1982) used the equivalent source technique
(Dampney, 1969; Ku, 1977; Mayhew, 1979; Lan-
gel et al., 1984) in order to calculate, in a least-
squares sense, the magnetic moments of a grid of
equivalent source dipoles. The dipoles are calcu-
lated as follows:
p= (VD 'V")SD 9)
where
p = vector whose elements are the magnetic mo-
ments of the dipoles,

S = matrix of the geometric source function relat-
ing the jth source to the ith position,

V = matrix whose elements are eigenvectors of
S'S,

D = matrix whose diagonal contains the eigenval-
ues of S'S,

b = vector of observations.

The matrix D is modified using singular value
decomposition so that small eigenvalues and their
inverses are set to 0. E,, the percentage of the
trace of D that is retained, is selected so as to
reduce the standard deviation to typical mid-lati-
tude values. An E, of between 95 and 99% is
found to satisfy this requirement. An E, of the
97% is used in this analysis unless otherwise indi-
cated.

The elements of the geometric source function
matrix S are:

dF
= 1
SI 7 apj ( 0)

These S,; relate the F=(AT,H, , H 6 H))
magnetic field at i(r, 8, ¢) to the magnitude of
the dipole source (p) at j(r’, 8’, ¢")

Total field or vector magnetic anomalies can
then be calculated from these dipoles. This al-
gorithm will work with either fixed or variable ¢
and can be used with ungridded measurements
taken at multiple elevations above the magnetic
source. Because of these advantages, it has been
the method of choice for satellite magnetic surveys.
The equivalent source method, however, requires
greater computer resources than either the
frequency-domain transformation or the space-do-
main convolution method.
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3. Computer simulations

The computer simulations reported here use
two exact and one approximate forward modelling
schemes in order to calculate the total field and
vector magnetic anomalies expected at an array of
observation points over a magnetic source. The
grid of total field anomaly data is then used to
calculate vector magnetic anomalies on that same
grid and compared with the exact or approximate
forward modelling results.

The exact forward modelling algorithms used
here have been developed for use with rectangular
(Bhattacharyya, 1964) and polygonal (Plouff, 1976)
prisms. They are developed in rectangular coordi-
nates and hence assume a ‘flat-earth’ geometry.

An approximate spherical-earth algorithm (Ku,
1977; Von Frese et al., 1980) developed for use
with MAGSAT data, was also used for forward
modelling. The technique utilizes Gauss—Legendre
quadrature integration and linear interpolation be-
tween adjacent boundary points in order to calcu-
late equivalent source dipoles given source volume
shapes and magnetizations. The magnetic field
calculated from each equivalent source dipole is
then summed at the observation point. For effec-
tive resolution, the distance from the magnetic
body to the observation point must be greater
than the distance between nodes or dipoles (Ku,
1977). In the case discussed here the observation
plane is 430 km above the Earth’s surface whereas
the equivalent source dipoles are §—55 km apart.

3.1. Frequency-domain transformation

The accuracy of the frequency-domain trans-
formation can be evaluated by comparing the
vector magnetic anomalies computed using this
transformation to the values calculated employing
an exact forward modelling scheme (Plouff, 1976).
The vector magnetic anomalies are calculated as
follows: The total field anomaly is first trans-
formed using a two-dimensional discrete Fourier
transform (FFT) with an array size of 64 X 64.
This size was chosen in order to minimize edge
effects and to produce smooth contours. Array
sizes as large as 90 X 90 and as small as 8 X 8
produce qualitatively similar results. The discrete
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Fig. 1. Comparison of ‘model’ and ‘synthetic’ magnetic field data calculated using a frequency-domain transformation. The magnetic
source is outlined by dashed lines. Negative values are indicated with hash marks. ‘Model’ data, shown on the left, are calculated
using an exact algorithm (Plouff, 1976) developed for use on a ‘flat earth’. Frequency-domain transformations are then applied to the
total field anomaly in order to compute the corresponding vector magnetic anomalies. These latter anomalies are termed ‘synthetic’

fields and are shown on the right.

The simple magnetic source is a prism with horizontal dimensions of 12.8X12.8 units and a vertical depth of 10 units. The
magnetic source is centred on a 64 X 64 grid and the transformation is done using that same grid. The magnetic source is magnetized
by induction. All magnetic fields are calculated at a distance of 6.4 units above the source.

Fourier transform is then multiplied by an oper-
ator and finally back-transformed to the space
domain. A depth-limited magnetic source located
in the centre of the array ensures that the mean
value of the field is effectively 0. This mean value
is evaluated using eqns. (18)—(20) of Lourenco and
Morrison (1973).

Vector and total field anomalies calculated
using an exact forward modelling scheme are re-
ferred to as ‘model data’ (Fig. 1). The vector field

anomalies calculated using the frequency-domain
transformation of the total field anomaly are re-
ferred to as ‘synthetic data’ (Fig. 1).

The differences between the model and syn-
thetic data sets can be quantified and expressed as
a percentage error ( P,), where

»_ ZZlE—E
DD IT N

X 100 (11)
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Fig. 3. Comparison of ‘model’ and ‘synthetic’ magnetic ficld data calculated using a space-domain convolution. The space-domain
convolution is applied to the total field anomaly in order to compute the corresponding vector magnetic anomalies. The

space-domain convolution is calculated using a 64 X 64 window.

The total field anomaly is calculated at a distance of 3.4 units above the source. The vector magnetic anomalies are calculated at a
distance of 6.4 units above the source. Other information is as given in Fig. 1.

where
F,_, = the ‘model data’ and
F, = the ‘synthetic data’.

The sums are taken over that portion of the
data set which is not contaminated by edge ef-
fects.

The results, presented in Figs. 1 and 2, indicate
a maximum percentage error in excess of 90% for
the H, and H, components near the magnetic
equator. The closest correspondence between the
model and synthetic data sets occurs at mid to
high inclinations. The poorest correspondence oc-

curs in low-inclinations, particularly in the H,
and H, components.

3.2. Space-domain convolution

The accuracy of the space-domain convolution
can be evaluated by comparing the vector mag-
netic anomalies computed using this approach to
the values calculated using an exact forward mod-
elling scheme (Plouff, 1976). The vector magnetic
anomalies are calculated as follows. A space-do-
main convolution is applied to the total field
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anomaly using a window of (64 X 64). This size
was chosen in order to compare the results with
that of the frequency domain transformation.
Array sizes as small as 21 X 21 produce qualita-
tively similar results.

The results (Figs. 3 and 4), presented in a way
analogous to the frequency-domain transforma-
tion, indicate a maximum percentage error in ex-
cess of 60% in the H , component near 5° inclina-
tion. The closest correspondence between the
model and synthetic data sets occurs at mid to
high inclinations. The poorest correspondence oc-
curs in low inclinations, particularly in the H,, and
H, components. The improvement of the space-
domain convolution between 5° inclination and
the magnetic equator is a consequence of using
different convolution operators for the two cases.
If the convolution operator used for n>0 had
been used at the magnetic equator, the percentage
errors on H, and H, would have doubled.

Bhattacharyya (1977) illustrated his technique
with an example which crosses the geomagnetic
equator. Errors of the type discussed in this paper
can probably be seen in the H , vector anomaly at
the geomagnetic equator (fig. 9 of Bhattacharyya,
1977) but are not apparent in H, (fig. 10 of
Bhattacharyya, 1977) although they may be
masked by the lack of significant anomalies near
the geomagnetic equator. Bhattacharyya claims
that his approach is superior to the frequency-do-
main transformation in low latitudes around the
geomagnetic equator. As shown in Figs. 2 and 4, if
the percentage error is used to evaluate and com-
pare the two techniques, the space-domain con-
volution is superior at most mid to high magnetic
inclinations and at the magnetic equator. How-
ever, the frequency-domain transformation is su-
perior at most other low magnetic inclinations.
Improvements could be made in the space-domain
convolution technique by evaluating equation (8)
to higher order using Cauchy’s residue theorem.
As noted earlier, when this is done at the geomag-
netic equator, the percentage error decreased by a
factor of 2 for H, and H,.

3.3. Equivalent source inversion

Equivalent source inversion uses a least-squares
algorithm (Mayhew et al, 1984), in conjunction

M.E. PURUCKER

with singular value decomposition (Langel et al.,
1984) in order to estimate the values of magnetic
moments located on a grid at the Earth’s surface
from a much larger set of ungridded magnetic
field values collected at multiple altitudes. These
dipoles can then be used to calculate the expected
magnetic field at any altitude.

The dipoles in the equivalent source representa-
tion are assumed to carry a magnetization only in
the direction of the ambient field. The inversion
produces both positive and negative values. As
discussed by Harrison et al. (1986), only positive
values should result from induction, which is as-
sumed to be the primary source of magnetization.
The presence of both positive and negative values
illustrates that the zero level is non-unique. Since
the dipoles are only an intermediate step and not
a final product, we have not applied an annihila-
tor (e.g. Parker and Huestis, 1974) to produce
exclusively positive values.

The grid of equivalent source dipoles used in
the inversion extends over the entire map. The
dipoles are not confined to the region of the
magnetic body but include a larger region, encom-
passing the entire region shown on Fig. 5. Re-
stricting the dipoles to the magnetic body implies
an a-priori knowledge of the location of the mag-
netic body. In the general case, the location of the
magnetic body is unknown.

The resolution of the equivalent source tech-
nique is such that the distance between the ob-
servation plane and the equivalent source dipoles
must be larger than the distance between individ-
ual equivalent source dipoles (Ku, 1977). In our
case the observation plane is 430 km above the
Earth’s surface whereas the equivalent source di-
poles are 110 km apart and are located within the
upper 40 km of the Earth’s crust.

Singular value decomposition is used to stabi-
lize the equivalent source solution. Instability is
particularly acute in the vicinity of the magnetic
equator, where a straight inversion produces ‘ring-
ing’ in the resultant dipoles, with large negative
and positive values alternating.

Vector and total field anomalies calculated at
satellite altitude using the approximate spherical-
earth algorithm are referred to as ‘model data’.
These fields are shown in the upper two rows of
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Fig. 5A, B. The ‘model data’ are then inverted to
an equivalent source distribution which in turn is
used to calculate the vector and total field anoma-
lies at satellite altitude again. These latter fields
are referred to as ‘synthetic data’ and are shown
in the middle two rows of Fig. 5A, B. These
‘synthetic’ fields are calculated using total field
anomaly data alone, shown in the left two col-
umns of Fig. 5A, B, and using vector and total
field anomaly data, shown in the two righthand
columns of Fig. 5A, B. The difference between the
‘model data’ and the ‘synthetic data’ is then
calculated and is shown in the lower two rows of
Fig. SA, B. These experiments are performed for
both low-latitude (Fig. SA) and mid-latitude (Fig.
5B) magnetic distributions. The illustrated results
are for sources magnetized by induction.

The results indicate a maximum percentage er-
ror of 25% in the H , component near the geomag-
netic equator. The closest correspondence between
the model and synthetic data sets occurs in mid-
latitudes (Fig. 5B) where both vector and total
field anomaly data are used in the inversion. The
poorest correspondence between the model and
synthetic data sets occurs in low latitudes (Fig.
5A) where total field anomaly data alone are used
in the inversion.

Histograms of the percentage errors are shown
in Fig. 6. These histograms illustrate that while
mid-latitude models are recovered more accurately
than low-latitude models, the presence or absence
of vector anomaly data in the inversion is the
primary factor in determining how well the model
will be recovered.

If the observation plane is changed from satel-
lite altitude (430 km) to aircraft altitude (1 km) we
may use the exact algorithms of Bhattacharyya
(1964), developed for use on a ‘flat earth’. A closer
correspondence exists between the model and syn-
thetic data (Fig. 6) when the data are acquired at
aircraft altitude. The ‘aircraft” data are also
noteworthy because of the absence of any de-
gradation in the total field anomaly data set at
low latitudes when the synthetic total field
anomaly data are reconstructed from the model
total field and vector anomaly data.

Normally distributed pseudo-random noise was
added to the model data in order to simulate
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experimental data (Fig. 7). The noise has an ap-
proximate r.m.s. of 1 nT and zero mean. This
noise level is comparable to that encountered in
the MAGSAT data (Langel et al, 1982). For
comparison, the absolute maximum of the total
field anomaly model is 6 nT. The model data with
added noise are then inverted to an equivalent
source distribution as above. For the induction
case using total field anomaly data alone at low
magnetic latitudes, the results indicate that the
nearly orthogonal H, and H, vector components
are not recovered at all in the presence of noise
with minimal (E, = 99.99999) singular value de-
composition applied to the least-squares solution.
The ‘ringing’ or ‘bulls-eye’ pattern present in the
field value solutions is analogous to the pattern
present in the underlying dipole solutions. Singu-
lar value decompositions using an E, of less than
99.9% are necessary before this feature is removed
from the solutions.

4. Discussion

Enhanced errors are encountered in all three of
the discussed techniques when calculating the
eastward and downward anomalies in the vicinity
of the geomagnetic equator. Analogous errors have
been described from geomagnetic field models de-
rived solely from total field data. The errors in the
geomagnetic field models have been related by
some to the proof of Backus (1970), that the scalar
potential 4 is not uniquely determined by the
measurement of the magnitude of the total field
outside the magnetic source.

The equivalent source inversion technique, al-
though requiring the greatest computer resources,
generates the smallest errors and is the most
versatile. Errors can be minimized by using a
technique such as singular value decomposition to
stabilize the equivalent source solution. At low
latitudes in the presence of noise, vector compo-
nents oblique to the total field anomaly are not
recovered at all from the total field anomaly data
alone if singular value decomposition is not used.
An E, of 99.9% or less will allow first-order
recovery of the vector components and will also
suppress ‘ringing’ or ‘bulls-eye’ patterns in the
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vector solutions. Errors can also be minimized by
using both total field anomaly data and suitably
weighted vector anomaly data when available. Be-
cause vector data are noisier than total field
anomaly data for a given uncertainty in altitude, it
may be necessary to use different weights for the
different data types. When we invert observational
data using the equivalent source technique, we
assign to each observation a weight which corre-
sponds to the standard error of all observations of
its type (i.e. total field or vector) in the immediate
vicinity. The dipoles are then calculated as fol-
lows: '
p= (VD 'V )S'Wb (12)
where:
V = matrix whose elements are eigenvectors of
S'WS,
D = matrix whose diagonal contains the eigenval-
ues of S'WS,
W= diagonal weight matrix.
and with other symbols as defined in (9). The
addition of weights to the problem has the further
advantage that errors can then be calculated on
the dipoles, and by propagation, on the field val-
ues.

The space-domain convolution and frequency-
domain transformation techniques require com-
parable computer resources. More restrictive than
the equivalent source technique, they both assume
a constant geomagnetic field direction and total
field anomaly data collected over a regular grid at
constant altitude. These techniques are therefore
most appropriate for aeromagnetic surveys cover-
ing small areas. Within this framework, the
space-domain convolution is superior at most mid
to high magnetic inclinations and at the magnetic
equator. However, the frequency-domain transfor-
mation is superior at most other low magnetic
inclinations.
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